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Abstract 

In this paper, we study time optimal control problems for heat equations on ft x H.+. 
Two properties under consideration are the existence and the bang-bang properties of time 
optimal controls. It is proved that those two properties hold when controls are imposed on 
some proper subsets of ft; while they do not stand when controls are active on the whole 
fi. Besides, a new property for eigenfunctions of —A with Dirichlet boundary condition is 
revealed. 
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1 Introduction. 

Let be a bounded domain in M. n . Let w be a non empty and open subset of fi. Write Xuj 
for its characteristic function. Consider the following controlled heat equation: 

d t y(x, t) - Ay(x, t) = Xuj(x)u(x, t) in fix R+, 
< y(x,t) = on ffixl+, (1.1) 

, y(x,0) = y (x) in Q, 

where u is a control function taken from a control constraint set and yo is an initial state taken 
from L 2 (fi). The solution of (|l.ip corresponding to u and yo will be treated as a function from 
M + to L 2 (fi) and denoted by y(-;u,yo). 

The purpose of this study is to reveal the following fact: Some properties hold for some time 
optimal control problems of when u is a proper subset oftt, but do not stand when uj = Q. 
Consequently, the local control may be more effective than the global control for heat equations 
in some cases. 
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We begin with introducing time optimal control problems. Let {£4}°^ be a complete set 
of eigenfunctions for —A with Dirichlet boundary condition such that it serves as a normalized 
orthonormal basis of L 2 {Vt). Write {Aj}^ 1 , with < Ai < A 2 < • • • < +00, for the corresponding 
set of eigenvalues. Then, we take the following target set: 

Sm = span{ £ m+ i,£ m+ 2, • • • }, where m > 2 is arbitrarily fixed. 

Next, we define, for each natural number k and each finite sequence of positive numbers {aj}^ =1 , 
the following control constraint set: 



each a.i{-) is measurable from R + to [— Oj,Oj 



U=i 

Consider the following time optimal control problem: 

(V) inf {t > I y(t;u,yo) £ 5 m } , where the infimum is taken over all u G U^.^k . 

Two properties of Problem (V) under consideration are as follows: {%) The existence of time 
optimal controls; (ii) The bang-bang property: any optimal control u* = Y^l=x a i satisfies that 
for each i, \a*{t)\ = cii for almost every t G (0,i*) ; where t* is the optimal time. In the case that 
Q, qj, k and yo ^ S are fixed, we say Problem (V) has optimal controls if for any finite sequence 
of positive numbers {ai}^ =1 , it has optimal controls. When ui = Q, yo £ S m and k are given, 
Problem (V) has optimal controls if and only if there is a finite sequence of positive numbers 
{b{}i =l such that the problem (V), with {6j}^ =1 , has optimal controls (see Remark l2.3p . 

The main results of this paper are broadly stated as follows: (a) Suppose that u = and 
Vo ^ <S m . Then, k and yo are such that Problem (V) has no optimal control if and only if k < m 
and yo satisfies 

((yo^iH-l), (3/0,61+2 ),'" Ayo,Cm)) T / 0; (1.2) 

(b) Suppose that u = $7 and yo 4- Sm- Assume that either k > m or k < m and yo does not 
satisfy f)1.2|) . Then, in general, Problem (V) does not hold the bang-bang property; (c) Suppose 
that Q and lv satisfy accordingly the following conditions: 

• (Dl) The eigenvalues Ai ■ • ■ X m are simple, i.e., Ai < A2 < • • • < A m , 
and 

• (D2) (xo,&,&)^0 faraU*€{l,2,--- ,m} and je{l,2,--- ,k}. 

Then, for each k > 1, each yo ^ S m and each finite sequence of positive numbers {aj}^ =1 , Prob- 
lem (V) has optimal controls and holds the bang-bang property. 



It is worth mentioning that for any fixed bounded domain f2, there are a lot of open subsets 
w in f! such that ( Xud 1 £j ) 7^ for all i,j = 1, 2, • • • (see Theorem 14.21 for a new property of 
the eigenfunctions {^j}?^); while there are a lot of bounded domains fi such that the property 
(Dl) holds (see Remark |4~T1) ). 
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2 Studies of Problem (V) where Q = uj 

The following result is another version of Theorem 2.5 in [I]. It will be used later. 
Lemma 2.1. Let A G M dxrf and B G M dx ', where d and I are natural numbers. Suppose that 



rank ( B, AB, A Z B, • • • , A d ~ l B ) = d, 



(2.1) 



and the spectrum of A belongs to the left half plane of C. Then, for each finite sequence of 
positive numbers {bi}\ =l and each wq in M. d , there are a i > and a control (3 in the set: 



V 



•f/3 = (/Si,-- - I each Pi is measurable from IR + to [— , (2-2) 



such that the solution w(-;f3,wo) to the equation: 

f tB(t) = Au)(i) + -B/3(t), 
I u>(0) = wo, 



t G 



(2.3) 



reaches zero at i. 



Theorem 2.2. Suppose oj = Q and yo ^ S m . Then, k and yo are such that Problem (V) has no 
optimal control if and only if k < m and yo satisfies M.2\) . 



Proof. The proof will be organized in three steps as follows: 



Step 1. Suppose that k < m and yo satisfies jll.ty) . Then, for any finite sequence of positive 
numbers {aj}^ =1 , Problem (V) has no optimal control. 

Let {aj}^ =1 be a finite sequence of positive numbers. Then each u(-) G ^{a t } k x can De 

k oo 

expressed as u(t) = ^ a,(t)£j. Write y(t;u,yo) = ViityCi- Clearly, the controlled equation 

i=l i=l 

(jl.ip is equivalent to the following system: 



Write 



and 



Vi{t) + \yi{t) = ^2atj(t) {xLuii,ij ), 2/i(0) = (yo,£i) , 



zit) 



( Vlit) \ 

V2(t) 
\ Vm(t) J 



( Ai 



A 



B 



Am / 



v ' 1,3 



nmx fc 



a{i) 



1,2,--- 



/ «i(*) \ 
a 2 (t) 

v afc(t) y 



(2.4) 
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Let 

U {ai}* =1 = x [-02,02] x ••• x [-a k ,a k ]. 

Consider the following time optimal control problem: 

CP) inf {t > I z(t;a,z ) = 0} , 

where the infimum is taken over all a from the control constraint set: 

V{ S .}fc = {a = (ai, • • • , a.k) T I each is measurable from ' 
and z(-;a,zo) is the solution to the following equation: 

z(t)+Az(t) = Ba{t), t G R+ 

z(o) = ((yo,6),-- - , (yo,£m)) T ■ 



to 



]}. 



(2.5) 



Clearly, Problems (T 7 ) and (P) are equivalent, i.e., t* and u* = ^Ci=i a i£i are accordingly the 
optimal time and an optimal control to Problem (V) if and only if t* and (a*, • • • , a^.) T are the 
optimal time and an optimal control to Problem (V) respectively. 

Ikxk 



Since oj = Q and k < m, it follows from (|2.4p that 5 = 
«i(t) = (1/1 (*),■■■ ,Vk(t)) T and «a(t) = (Wfe+i(t), - - ■ ,y m (t)) T . Write 







in this case. Let 



Ai \ 
Then, Equation (|2.5p can be written as 



A 



fe+i 



and ^2 



dt 



zi 

Z-2 



(*) + 

together with the initial condition: 
(zi(0),* 2 (0)) T = f((y ,C 



A 2 



21 

^2 



(*) 



Ikxk 





(yo,£fc» T ,((yo,£ 



fc+i . 



\ 



Am / 



(2.6) 



This, along with the condition (jl.2p . indicates that Z2 (t) 7^ 0, for each t > and each control a 
in Vj^.jfc . Consequently, Problem (V) has no time optimal control. 

Step 2. Suppose that k < m and y$ does not satisfy lil.2\) . Then, Problem (V) has optimal 
controls. 

Let {a,i}f =1 be a finite sequence of positive numbers. Since yo does not satisfy (jl.2p . it 
holds that z 2 (0) = 0. Thus, it follows from (pUj) that z 2 (t) = for all t > 0. Hence, Problem 
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(V) shares the same optimal time and optimal controls with the following time optimal control 
problem: 

(Vi): inf {t > | z x (t;a) = 0} , 
where the infimum is taken over all a from Vr s .ifc , and zi(-;a) is the solution to the equation: 

z 1 (t) + A 1 z 1 (t) = I kxk a{t), zi(0) = ((y o ,£i>,--- ,(yo^k)) T ■ 

According to Lemma 12.11 Problem iV\) has admissible controls. Then, by the standard argu- 
ment (see either Theorem 13 and the note after it in Chapter III on Page 130 in [13] or Theorem 
3.1 on Page 31 in pQ), one can easily verify that Problem (Vi) has optimal controls. Conse- 
quently, Problem (V) has optimal controls. 

Step 3. Suppose that k > m. Then, Problem (V) admits optimal controls. 

Let {aj}f =1 be a finite sequence of positive numbers. Since B = (l m xm,0 m x(k-m)) i n the 
case that k > m, control variables ct m +i (•),•" , a fc(') play n ° r °l e m Equation (12. 5p when 
k > m. Hence, in the case that k > m, the effective controls in Problem (P) have the form: 
a = - ,a m (-)) T . Therefore, Problem (V) shares the same optimal time and optimal 

controls with the following time optimal control problem: 

(V 2 ) ■ inf {t > | z(t;a) = 0} , 

where the infimum is taken over all a = (a\, • • • , a m ) T from the control constraint set: 

V{aj™_ i = {a = (ai, • • • , a m ) T | each «j is measurable from M + to [—a,, a,]} , 

and z(-; a) is the solution of the following equation: 

z(t) + Az{t) = I mxm a{t), t G R+ 

i A T ' 

z(0) = z = ((yo,£i), (2/q,6 ),•••, (2/0, Cm}) • 

Then, by Lemma 12. 11 using the same argument as that in Step 2, one can prove that Problem 
(V) has optimal controls. 

In summary, we complete the proof. □ 

Remark 2.3. From the proof of Theorem \2.2[ one can easily verify the following: (a) Suppose 
that oj = Q. Let yo ^ S m and k be given. Then, Problem (V) has optimal controls if and only 
if there is a finite sequence of positive numbers {bi}^ =1 such that the problem (V), with {b~i}^ =l , 
has optimal controls, (b) In the case that uj = Q and yo ^ S m , Problem (V) has optimal controls, 
provided either k > m or k < m and yo does not satisfy 
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Theorem 2.4. Let lo = and yo ^ S m . Let {aj}* =1 fre a finite sequence of positive numbers. 
For each i E {1, • • • , k}, write 

T^llnfl + ^Kyo^lV (2-8) 



TTien Problem (V), with {«i}f =1 , does not have the bang-bang property, if either of the following 
conditions stands: (i) k > m and the numbers T\, ■ ■ ■ ,T m are not the same; (ii) k < m, y$ does 
not satisfy {7j|) and the numbers T%, ■ ■ ■ , are not the same. 

Proof. Simply write (V) for the problem (V), with {aj}^ =1 . For each i 6 {1, • • • k}, define 

= -X[o,r l ](-) s fra((yo,^>)« 



H — 



0, if(y o ,£i>=0, (2.9) 

, -X[o,Tii(-)ai, if (yo,&) > 0. 



We first prove the following property (%i): When k > m, T and u are the optimal time and an 
optimal control to Problem (V) respectively, where 



T = max{Ti , T 2 , • • • , T m } and u = V] 



i=l 

By the equivalence of Problems (V) and (V2) (see Step 3 in the proof of Theorem 12 .2j) . we 
need only to verify that T and a are the optimal time and an optimal control to Problem (V2) 
respectively, where 5 = (5i, • • • , a m ) T . 

For this purpose, we observe from direct computation that for each i G {1, ••• , m}, and 
5j(-) are the optimal time and the optimal control to the following time optimal control problem: 

(Pi): mf{t>0\z i (t;a i )=0}, 

where the infimum is taken over all cti(-) from the set of all measurable functions from R + to 
[— Oj,Oj], and Zi(-;ctj) solves the following equation: 

Zi(t) + \i(t)zi(t) = Oi(t), Zi(0) = {yo,Zi)- 

Clearly, a G V^jm and ((z\ (•; a\) , • • • , z m (•; a m )) T is the solution z (•; 5) to Equation (|2.7p 
with a = a. Since Zj (T^; 5,) = 0, it holds that 

Zj f T; 5i) = for all i G {1,2, ••• ,m}, i.e., * (T; u) = 0. (2.10) 



Hence, the optimal time to Problem (V2) is not bigger than T. On the other hand, if a 
(a± • • • , a m ) T G V{o i }m_ 1 and T > are such that z ^T; dA = 0, then it stands that 

Zi ( T; c\i ) = for all i G { 1 , • • • , m} . 
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By the optimality of Tj to Problem (Pi), we see that T > Tj for all i G {1, • • • , m}, from which, 
it follows that T > T. Therefore, T is the optimal time to Problem (T-^)- Along with (|2.10p . 
this yields that 5 is an optimal control to this problem. Hence, the property (Hi) stands. 

Since yo ^ S m , it holds that T > 0. Because , T m are not the same, there is an 

iq G {1,2, ••• ,m} such that Tj < T. Then, it follows from (|2.9[) that 5j (t) = for all 
t G (Tj ,T]. Thus, the optimal control u does not satisfy the bang-bang property. 

Using the very similar argument to that in the proof of the property (Hi), one can easily 
show the following property (H-z): When k < m, yo does not satisfy hl.3\) . T and u are the 
optimal time and an optimal control to Problem (P), where 

k 

f = max{Ti , T 2 , • • • , T k } and u = a^. 

8=1 

Then, by the property (H2), (12. 9ft and the assumptions that yo G" S m and the numbers Ti, ■ ■ ■ ,T k 
are not the same, one can easily show that the optimal control u does not satisfy the bang-bang 
property. This completes the proof. □ 



3 Studies of Problem (V) where uj is a proper subset of £1 



Theorem 3.1. Let Q satisfy the condition (Dl). Suppose that co holds the condition (D2). 
Then, for each k > 1, each yo ^ S m and each finite sequence of positive numbers {a~i)^ =1 , 
Problem (V) has optimal controls. 

Proof. By the same way as that in Step 1 of the proof of Theorem 12.21 we define the matrices 
A and B, and the problem (P). Write Bij for the element in i-th row and j-th column of B, 
namely, B^ = ( Xud > £i )• ^1 = (Bu, • • • , B m i) T . We first claim that 



In fact, since 



rank(Bi,ABi,A 2 Bi 
( Ai 



,A m ~ l Bi) 



m. 



(3.1) 



A j B 1 



\ 



A, 





( Bn \ 




( AiSn \ 




V B m \ ) 


\-\ 


\ Am-Bml / 



it holds that 



(B\,ABi, ■ ■ 


■ ,^ m - 1 Si) 




B n 
B21 


XiBu 
X2B21 


\ m- 
' A l 

" A 2 


-[Bu 
B21 








B m l 


XmB-ml 


\m- 


1 B m i 



which is a determinant of Vandermonde' type and equals to YYiLi Bn Tlfc>z(Afc — A/). Because 
of conditions (Dl) and (D2), this determinant is not zero, which implies (13. ip . 
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Now, according to Lemma [2. 11 Problem (V) has admissible controls. Then, by the standard 
argument (see either Theorem 13 and the note after it in Chapter III on Page 130 in [13] or 
Theorem 3.1 on Page 31 in pQ), one can easily show that Problem (V) admits optimal controls. 
This, along with the equivalence of Problems (V) and (V), completes the proof. □ 

Remark 3.2. From the proof of the above theorem, it follows that Theorem \3.1\ still stands when 
the condition (D2) is replaced by the following condition: 

• 02) (xo,6,£i>^0 for all ie{l,2,--- ,m}. 

Before studying the bang-bang property for Problem (V) where a; is a proper open subset 
of fi, we recall the general position condition which plays an important role in the studies of 
the bang-bang property for linear controlled ordinary differential equations. Let A and B be 
m x m and m x k matrices respectively. Let V be a closed polyhedron in M. k . We say that V 
satisfies the general position condition with respect to (A,B), if for each nonzero vector v, which 
is parallel to one of the edges of V , the vectors 

Bv, ABv, ■■■ A m ' l Bv 

are linearly independent. Consider the following time optimal control problem: 

(P): mf{t:z(t;v,z )=0}, 

where the infimum is taken over all measurable functions v from M + to the polyhedron V, and 
z(-;v, zq) is the solution to the following equation: 

z{t) + Az(t) = Bv(t), t > 0; z(0) = z , 

with zq a non-zero vector in R m . 

Lemma 3.3. (see I13\j . J^J/j Suppose that the closed polyhedron V satisfies the general position 
condition with respect to (A,B). Then any optimal control u(t) to Problem (P), if exists, takes 
values on the vertices of V and has a finite number of switchings. 

Theorem 3.4. Let SI satisfy the condition (Dl). Suppose that uj satisfies the condition (D2). 
Then, for each k > 1, each y$ ^ S m and each finite sequence of positive numbers {a~i}f =1 , 
Problem (V) holds the bang-bang property. 

Proof. By the same way as that in Step 1 of the proof of Theorem 12.21 we define the matrices 
A and B, and the problem (V). According to Lemma 13.31 Theorem 13.11 and the equivalence 
of Problems (V) and (V), it suffices to prove the general condition of U^yk i with respect to 
(A, B). Clearly, the later is equivalent to the statement that for each j £ {1, • • • , k}, the vectors 
Bej, ABej, • • • , A m ~ 1 Bej are linearly independent, where {e\, ■ ■ ■ , e^} is the standard basis of 
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Let Fj = (Bej,ABej, • • • , A m ~ 1 Be j ). It is clear that 



\(Bej,ABej,--- ,A m ~ x Be 



B Xj 
B 2j 

Bmj 



\\Bij 



\m— 1 75 

A 1 B Xj 

\m— 1 r> 
A 2 



\iii-1d 



= IYiLi B ijI\k>i( x k - Ai). 

This, together with the conditions (Dl) and (D2), yields that \Fj\ / for each j £ {1, • • • , fc}. 
Hence, ^7^}* satisfies the general position condition with respect to (A,B). This completes 
the proof. □ 



4 Further studies on the conditions (Dl) and (D2) 

In this section, we first give a remark and a theorem, which reveal accordingly some properties 
for eigenvalues and eigenfunctions of —A with Dirichlet boundary condition. From the remark, 
it follows that there are a lot of fi satisfying the property (Dl). From the theorem, it follows 
that for any bounded domain f2 in M. n , there are a lot of ui C £1 where the property (D2) holds. 
We end this section with another remark which provides an open problem. 

Remark 4.1. It is presented in J2|/ (see also /J5f . fllf) that there are a lot of Q of class C 3 
satisfies the condition (Dl) in the following sense: Let Q be a bounded open set of class C 3 in 
W n . For each e £ (0, 1), an e— neighborhood ofQ is defined to be the image (I + tp)(Q), where I is 
the identity map overW 1 and tp £ C s (M. n ;M. n ), with the C^—norm less than e. For each bounded 
open set Q of class C 3 in M. n , Write A^ for the self-adjoint operator in L 2 (Q) generated by the 
Laplacian on Q with the homogeneous Dirichlet boundary condition. Then, for each e £ (0, 1), 
there is an e— neighborhood of £l e such that — A^e has only simple eigenvalues. 

Before presenting the theorem, we introduce the following notations: for each x £ M. n and 
each p > 0, B p (x) stands for the open ball in W 1 , centered at x and of radius p; B p (x) denotes 
the closure of the ball B p (x); for each p > 0, 

n p ={x £ n\uJ | dist(dB p (x),dn) > 0, dist(dB p (x),duj) > o}, 
where dist (E\, Eq) = inf | X\ — X2 1 1 M. n 

for any subsets E\ and Ei in 1". 

Theorem 4.2. Let Q, be a bounded domain in W 1 and uj be an open subset of O, such that 
£1 \ uj 7^ 0. Then, for any e > 0, there exists an eq £ (0, e) such that £l e ° ^ and for almost 
every x £ Q e ° , 

&)^0 for alH,j£N. (4.1) 
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Proof. We recall that each eigenfunction £j belongs to C°°(ft) (see Page 335 in |2J). Let 

(p(x, t) = ^(x)e^ T , (x, r) £ fi x R. 

It is obvious that 

A x <p(x,t) + 8%<p(x,t) = 0, (x,r)ettxR. 

By the property of harmonic functions (see Page 6 in [5j), the function </?(•, •) is real analytic 
over ft x R. Thus, each eigenfunction £j is real analytic over ft. Write 

D = G x R+ | B p (x) C ft} . 

Then, for each pair we define a function Fij(-.-) from D to M by setting: 

FiA x >P)= + pr))tj{x + PV)dv, (x,p)€D. (4.2) 

Clearly, it is well defined. The rest of the proof will be carried out by the following three steps: 
Step 1. Suppose that f is a real analytic function over ft. Define the function F : D i— >■ R by 

F(x,p)= f f{x + pr))dr), (x,p)eD. (4.3) 

Then F is real analytic over D. 

We need only to explain that F is real analytic in a small neighborhood of (xo,po) f° r an y 
point (xq, po) G D. First, there is a neighborhood U of (xo,po) in ^ n x ^ + such that B p (x) C ft 
for any (x,p) G U. Hence, the function f[x + prf) is real analytic in (x,p,n) over C7 x B\(0). 
Extend / to a complex- valued function in (z,w,w) over a small neighborhood I7 C x B\(0) of 
J7 x -Bi(O) in C n x C x Si(0) by making use of the power series expansion. We then get 
f c (z + wr]), which is real analytic over (z,w,n) £U c x -Bi(O) and holomorphic in (z,w) G U c for 
each fixed n G Bi(0). Clearly, it holds that 

f c (x + prf) = f{x + pn) for all (x, p,n) G U x B\(0). 

Now we define a function F c : U c i— >• C by setting: 

F c (z,w)= f(z + wrj)drj, (z,w)<EU c , 

and define the operator 3 in the standard way: 
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where 



d 1 / d ^— d \ d 1 / d r-r 9 



0% 2 V3(-Re(zj)) d(Im( Zj )) J ' 9«i 2 ^(-^H) d(Im(w)) 

are the standard Cauchy-Riemann operators (see [6]). It follows from the holomorphic property 
of f c in (z, to) that 



dF c (z, w) = 9f c (z + wrj)dr) = dr\ = 0. 

./.Bi(O) JBi(O) 

Hence, is holomorphic in U c . In particular, the function F c (-, •) ^ is real analytic, 

i.e. F(-, •) is analytic in U. Thus, F(-, •) is real analytic over D. Consequently, for each pair 
(i, j), the function •) is real analytic over D. 

Step 2. For each pair Fij(-, •) is not identically a constant over D. 

By the unique continuation property of the eigenfunctions (see [7]), we see that for each 
i€{l,2,-..}, 

7^ for almost every x G SI. 

Thus, it holds that for each pair 

(£.i£.j)( x ) f° r almost every x G SI. 

Since the function is continuous in O and SI \ uJ ^ 0, there is an x G S7 \ 57 such that 

^ 0. Hence, when 5 > is small enough, the function is either positive or 

negative over Bs(x), and Bg(x) C S7. Now, it follows from the definition of the function Fij(-, •) 
that 

Fij(x, 5i) ^ Fij(x, 62), when <5i and 82 are different numbers in (0, 5). 
Since (x,5\) and (x,^) belong to D, Fjj is not identically zero over D for each pair 
Step 3. To prove \4.1\ j. 

Since each Fij is real analytic and is not identically a constant over D, the set 

Wij = {(x,p) G D I Fyfop) + (x^i,^ ) = 0} 

is a real analytic subvariety with dimension at most n. Thus, the M n+1 — Lebesgue measure of 
the set 
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is zero. Write W = {x G Q \ (x,p) G W) . Denote by m(W p ) the M n -Lebes gue measure of 
W p . According to Fubini's Theorem, 



= / Xw( x , p)dxdp = / / xwp( x )dxdp = / m(W p )dp. 

Jnx{o,oo) Jo Jn Jo 

Thus, there is a subset E C (0, oo) of zero measure such that m{W p ) = for each p G (0, oo)\E. 
On the other hand, since VL \ ZJ ^ 0, there is p > such that £l p ^ for all p G (0, p]. 

Now, for each e > 0, we arbitrarily take an £q from the set (0, min{p, e}) \ £\ Then, it stands 
that m (W eo ) = and ft eo / 0. Hence, 

m(ft e °\W/ £ °) = m(O £0 ). (4.4) 
Clearly, the statement that x G O e ° \ PF £ ° is equivalent to the statement that 

x G n eo and F M (x,e ) + (Xuti,€j ) # for all i, j G N. 
This, together with (|4.4p . yields that 

Fij(x, eo) + {Xu)(,i,(,j ) 7^ for all i, j G N and for almost every x G Sl e ° . (4.5) 
Finally, by the definition of O £o , we see that 

5 eo (x) C O and -B eo (x) P| w = for all x G Sl e ° . 
Along with (|4.5p . these indicate (|4.ip . This completes the proof. □ 

Remark 4.3. Let {oj}^ 1 G l\ = {{oj}^ G / 2 | 6j > /or aZZ z}. Consider the following time 
optimal control problem (P): inf {t : y(t;u,yo) = 0}, where the infimum is taken over all u from 
the set: 



oo 



Uad = I u = y~]uj(t)(;i 



i=l 



eac/i Uj(-) is measurable from IR + to [— aj,a 



and y(-;u,yo) is the solution to Equation The set U a d is called a control constraint set 

of the rectangular type. We say Problem (P) has the bang-bang property if any optimal control 
u* = Yli^i u *i(f)£,i satisfies that for each i, u*{t) = ai for a.e. t G (0, t*), where t* is the optimal 
time. 

It is not clear to us what conditions are needed to obtain the bang-bang property for Problem 
(P) . With regard to this question, we would like to mention the following: (i) It is necessary to 
impose certain conditions on {ai}°l 1 G l\ to ensure the existence of optimal controls for Problem 
(P) (see fEl); (H) When U a d is replaced by the following control constraint sets of the ball type: 

Uad±U(-)eL°°(R+;L\n)) 



u(t) G B(0, r) 

where 5(0, r) is the ball in L 2 (ft), centered at the origin and of radius r > 0, the bang-bang 
property for the corresponding time optimal control problem (P) has been studied (see J3J/, \10j . 
fZ5J and JZ|/j. 
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